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In this work, we investigate the existence of parabolic graphs of constant mean curvature H
in H3 whose boundary is given a priori, under hypothesis relating H with the geometry of
the domain and a condition on the boundary data that, by analogy with a similar problem
for vertical graphs in R3, we denominated it by bounded slope condition.
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1. Introduction
Let H3 be the simply connected 3-dimensional hyperbolic space of constant curvature −1. Let G = {Φr}r∈R be a
1-parameter subgroup of isometries of H3 of parabolic type, that is, the orbits of G,
G(p) = {Φr(p); r ∈ R}, p ∈ H3,
are horocycles having a common point at inﬁnity. Let V be the associated parabolic Killing ﬁeld:
V (p) = d
dr
Φr(p)
∣∣∣∣
r=0
, p ∈ H3.
It is well known that V⊥ is an integrable distribution whose leaves are totally geodesic planes of H3. Let P be a leaf
of V⊥ .
For a domain Ω ⊂ P and a function u ∈ C2(Ω), the parabolic graph of u is deﬁned by
G(u) = {Φu(p)(p); p ∈ Ω}.
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Q H (v) := div
(
ρ gradu
(1+ ρ2‖gradu‖2)1/2
)
+ 〈gradu,gradρ〉
(1+ ρ2‖gradu‖2)1/2 + 2H = 0 (1)
where
ρ2 = 1‖V ‖2
and div and grad are the divergence and gradient in P (more details can be found in [1]).
We observe that the parabolic graphs were ﬁrst studied in [6].
Assuming that Ω ⊂ P is bounded and of class C2,α , in this article we study existence and uniqueness of solutions to the
Dirichlet problem{
Q H (u) = 0 u ∈ C2,α(Ω),
u|∂Ω = ϕ, ϕ ∈ C2,α(∂Ω).
(2)
It has been proved that a similar result to the well known Serrin’s theorem for the CMC surface equation in the Euclidean
space holds for parabolic graphs, namely: The cylinder
C(∂Ω) := {Φr(p); p ∈ ∂Ω}
has mean curvature bigger than or equal to H (assuming H  0 and orienting C(∂Ω) by the unit normal vector pointing
to the simply connected component of H3\C(∂Ω)) if, and only if, there is a unique solution of (2) for any ϕ ∈ C2,α(∂Ω)
(a particular proof is given in [3], but it is also a consequence of a much more general result for CMC graphs in warped
products proved in [1]).
If the condition on the mean curvature of C(∂Ω) is not satisﬁed, the existence of solutions may still persist under some
extra hypothesis on the domain and on the boundary data ϕ . For instance [8] and [5] consider the case ϕ = 0.
In this paper we shall use the ideas of [7] to prove the existence of solutions for boundary data satisfying the bounded
slope condition (bsc): We say that (Ω,ϕ) satisﬁes the bounded slope condition with constant K  0 if, for every point
p ∈ ∂Ω , there are equidistant surfaces Σ±p given as parabolic graphs of functions π±p :P → R such that
(i) π−p (q) ϕ(q) π+p (q) ∀q ∈ ∂Ω,
(ii) π−p (p) = ϕ(p) = π+p (p),
(iii) ‖gradπ±p ‖ K on Ω
(3)
where grad denotes the hyperbolic gradient in P.
The use of the bounded slope condition allows the solvability of the Problem (2) for more general domains than those
of Serrin’s parabolic theorem.
In fact, setting
δ = exp(diam(Ω)), (4)
where
diam(Ω) = sup{d(p,q); p,q ∈ Ω},
with d the hyperbolic distance, we prove:
Theorem 1. Let Ω ⊂ P be a simply connected, C2,α and bounded domain and let ϕ ∈ C2,α(∂Ω). Suppose that (Ω,ϕ) satisﬁes the
bounded slope condition with constant K  0. Let k be the curvature of ∂Ω in H3 with respect to inner orientation. Given
H  K√
K 2 + 1 ,
if
k > δ(H + 1)(1+ K 2)2 + 1,
then there is a unique u ∈ C2,α(Ω) solution of Q H = 0 in Ω , with u|∂Ω = ϕ .
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In the rest of the paper, we use the half space model for H3, namely.
H
3 = {(x1, x2, x3) ∈ R3; x3 > 0}
with the metric given by
ds2 = 1
x23
(
dx21 + dx22 + dx23
)
.
Moreover, we assume that P is the plane
P = {(x1,0, x3) ∈ R3; x3 > 0}.
We remark that if Σ is a equidistant surface given as parabolic graph of a function π :P → R, where P is a totally
geodesic plane in H3, then |∇π | is constant, where |.| and ∇ denotes the Euclidean norm and gradient in R3.
In this case Σ is a equidistant plane (that is, Σ is the intersection of a Euclidean plane with R3+), given as parabolic
graph of a linear aﬃne function π :P → R (note that Σ = S∩H3 where S is a Euclidean sphere that cut ∂∞H3 in a angle β ,
since that S∩H3 is not a parabolic graph over P). In this context we have
∇π(p) = 1
x23
gradπ(p)
in P. It follows that in P we have ‖gradπ‖ = x3|∇π |.
Proposition 2. Let Ω ⊂ P be a C2 , bounded and strictly convex domain in the Euclidean sense and let ϕ ∈ C2(∂Ω) be given. Then
(Ω,ϕ) satisﬁes the bounded slope condition for some constant K  0
Proof. For ϕ ∈ C2(∂Ω), the parabolic graph of ϕ is given by
G(ϕ) = {(x1,ϕ(x1, x3), x3); (x1, x3) ∈ Ω},
and, in this context, to say that (Ω,ϕ) satisﬁes the bounded slope condition with constant K  0 is equivalent to say that,
for every point p = (x1, x3) ∈ ∂Ω , there are linear aﬃne functions π±p :P → R satisfying the conditions (3). Condition (iii) in
(3) is satisﬁed since x3(q)|∇π±p (q)| K for every p ∈ ∂Ω and q ∈ Ω , where ∇ and |.| are the Euclidean gradient and norm
respectively. As Ω is a C2, bounded and strictly convex domain in the Euclidean sense and ϕ ∈ C2(∂Ω), the result follows
then from the classic result for R3 given in [4] (see also in [2], 11.4). 
Corollary 3. Let Ω ⊂ P be a C2 bounded domain such that k∂Ω > 1, where k∂Ω is the curvature of ∂Ω , and let ϕ ∈ C2(∂Ω) be given.
Then (Ω,ϕ) satisﬁes the bounded slope condition for some constant K  0.
Proof. We recall that in this model
k∂Ω = k∂Ω − η3
x3
, (5)
where k∂Ω is the Euclidean curvature of ∂Ω and η3 is the third coordinate of the unit normal vector to ∂Ω in the Euclidean
sense, pointing to interior of region bounded by Ω . Since that k∂Ω > 1, we have k∂Ω > 0, and so, Ω is a strictly convex
domain in the Euclidean sense. The result now follows immediately from Proposition 2. 
2.1. A basic lemma
The inequality (6) of Lemma 4 below was already mentioned in the literature in others context (e.g. in [7]), but we will
develop it also here because of its usefulness in order to prove the main result.
Lemma 4. Let Ω ⊂ P be a convex domain in the Euclidean sense and k, k be the hyperbolic and the Euclidean curvature of ∂Ω
respectively, with respect to inner orientation. Let Σ be an equidistant surface in H3 given as parabolic graph of a function π :P → R,
and suppose |∇π | = K . Let h be the mean curvature of Σ and Λ = C(Ω) ∩ Σ . Then the hyperbolic curvature k∂Λ and the Euclidean
curvature k∂Λ of ∂Λ satisfy:
k∂Λ(p)
k(q)
(1+ K 2)3/2 , (6)
k∂Λ(p)
k(q)− √1− h2(1+ K 2)3/2 − 1
(1+ K 2)3/2 (7)
with respect to inner orientation, where here q ∈ ∂Ω and p = Φπ(q)(q).
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γ (s) = (γ1(s),0, γ3(s))
be a parametrization of ∂Ω by arch length. Then
α(s) = (γ1(s), v(s), γ3(s))
is a parametrization of ∂Λ for some function v . We suppose K > 0 (the case K = 0 is obvious), and we set r = Σ ∩ P. Let
(a,0, c) = (0,0,0) and (e, f , g), f = 0 vectors of R3 parallel to r and Σ respectively. Then Σ ≡ [(a,0, c), (e, f , g)] (seen as
a Euclidean plane in R3) and
N = (a,0, c)× (e, f , g) = (−cf , ec − ag,af )
is the normal to Σ in the Euclidean sense. We can consider a, c, e, f and g such that
1 = c2 f 2 + (ec − ag)2 + a2 f 2 = |N|.
Given q ∈ ∂Ω ,
q = γ (s0) =
(
γ1(s0),0, γ3(s0)
)
,
we have
p = (γ1(s0),π(q), γ3(s0)) ∈ ∂Λ.
It follows that the equation of the “Euclidean plane” Σ is〈
(x1, x2, x3)−
(
γ1(s0),π(q), γ3(s0)
)
, (−cf , ec − ag,af )〉= 0,
that is,
−cf x1 + (ec − ag)x2 + af x3 + A˜ = 0,
where A˜ = −〈N, p〉. Then,
x2 = Ax1 + Bx3 + D (8)
where
A = cf
ec − ag , B = −
af
ec − ag and D = −
A˜
ec − ag .
As π(q) ∈ Σ , we have
π(q) = Aγ1(s0)+ Bγ3(s0)+ D,
and then,
D = π(q)− Aγ1(s0)− Bγ3(s0) =
〈
(−A,1,−B), p〉. (9)
It follows from (8) and from (9) that
v(s) = Aγ1(s)+ Bγ3(s)+ D = π
(
γ (s0)
)+ 〈(A,0, B), γ (s) − γ (s0)〉
and so,
α(s) = γ (s) + (0,π(γ (s0))+ 〈(A,0, B), γ (s) − γ (s0)〉,0). (10)
We remember that the curvature in R3 of α can be given by
k∂Λ = (〈α
′,α′〉〈α′′,α′′〉 − 〈α′,α′′〉2)1/2
〈α′,α′〉3/2 . (11)
Set u = (A,0, B). We have from (10) that
α′(s) = γ ′(s)+ (0, 〈u, γ ′(s)〉,0)≡ (γ ′1, 〈u, γ ′〉, γ ′3),
and as |γ ′| = 1,
〈α′,α′〉 = 1+ 〈u, γ ′〉2,
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〈α′′,α′′〉 = k2 + 〈u, γ ′′〉2.
Furthermore,
〈α′,α′′〉 = γ ′1γ ′′1 + 〈u, γ ′〉〈u, γ ′′〉 + γ ′3γ ′′3 ,
and, since 〈γ ′, γ ′′〉 = 0,
〈α′,α′′〉2 = 〈u, γ ′〉2〈u, γ ′′〉2.
Therefore, from (11)
k∂Λ = (k
2 + k2〈u, γ ′〉2 + 〈u, γ ′′〉2)1/2
(1+ 〈u, γ ′〉2)3/2 . (12)
Note that,
k2〈u, γ ′〉2 + 〈u, γ ′′〉2 = k2|u|2|γ ′|2 cos2 θ1 + |u|2|γ ′′|2 cos2 θ2
= k2|u|2 cos2 θ1 + k2|u|2 cos2 θ2 = k2|u|2
(
cos2 θ1 + cos2 θ2
)
(13)
where θ1 is the angle between u and γ ′ and θ2 is the angle between u and γ ′′ . Note that, as 〈γ ′, γ ′′〉 = 0, one of the three
possibilities below occur: (i) θ1 + θ2 = π2 , or (ii) |θ1 − θ2| = π2 , or (iii) θ1 + θ2 = 3π2 . In any case we have 1 = cos2 θ1 + cos2 θ2,
and, therefore, from (13) we have
k2〈u, γ ′〉2 + 〈u, γ ′′〉2 = k2|u|2. (14)
We note that as N = (−cf , ec − ag,af ) is the unit normal to Σ in the Euclidean sense,
(−cf , ec − ag,af )
ec − ag = (−A,1,−B)
is normal to Σ . As (0,1,0) is normal to P, for the angle θ between P and Σ we have
cos θ = 〈(0,1,0), (−A,1,−B)〉√
A2 + B2 + 1 =
1√
A2 + B2 + 1 .
As
cos2 θ = 1
1+ tan2 θ ,
it follows that,
1
A2 + B2 + 1 =
1
1+ tan2 θ .
Since that |∇π | = tan θ = K , it follows that
tan θ =
√
A2 + B2 = K .
We observe that
|u|2 = 〈(A,0, B), (A,0, B)〉= A2 + B2 = K 2. (15)
Thus, from (12), (14) and (15)
k∂Λ = k(1+ K
2)1/2
(1+ 〈u, γ ′〉2)3/2 . (16)
From (15), we have
cos2 θ1 = 〈u, γ
′〉2
|u|2|γ ′|2 =
〈u, γ ′〉2
|u|2 =
〈u, γ ′〉2
K 2
,
then
〈u, γ ′〉2 = K 2 cos2 θ1  K 2. (17)
It follows from (16) and (17) that,
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2)1/2
(1+ 〈u, γ ′(s)〉2)3/2 
k(s)(1+ K 2 − 〈u, γ ′(s)〉2)1/2
(1+ 〈u, γ ′(s)〉2)3/2
 k(s)
(1+ K 2)3/2 ,
and this prove (6). The relation between the hyperbolic curvature k∂Λ of ∂Λ and k∂Λ is given by
k∂Λ = k∂Λx3 + η∂Λ3 ,
where η∂Λ3 is the third coordinate of the Euclidean unit normal to ∂Λ pointing to Λ. Also, we have the hyperbolic curvature
k of ∂Ω given by k = kx3 +η∂Ω3 , where η∂Ω3 is the third coordinate of the Euclidean unit normal to ∂Ω pointing to Ω . Thus,
k = k − η
∂Ω
3
x3
.
Then, given a point q = (x1,0, x3) ∈ ∂Ω , p = (x1,π(x1, x2), x3) ∈ ∂Λ, from (6)
k∂Λ(p) = k∂Λ(p)x3 + η∂Λ3 
k(q)x3
(1+ K 2)3/2 + η
∂Λ
3
= k(q) − η
∂Ω
3
(1+ K 2)3/2 + η
∂Λ
3 .
Since ∂Λ is a smooth Jordan curve contained in Σ , we have the smallest value of η∂Λ3 equal to −| sinσ | where σ is the
angle between Σ and ∂∞H3 := {x3 = 0}. But, as h = cosσ , we have | sinσ | =
√
1− h2. Then
|η∂Λ3 |
√
1− h2.
As the largest value for η∂Ω3 is 1 since ∂Ω ⊂ P, it follows that
k∂Λ(p)
k(q)− 1
(1+ K 2)3/2 −
√
1− h2,
that is,
k∂Λ(p)
k(q)− √1− h2(1+ K 2)3/2 − 1
(1+ K 2)3/2 ,
and this prove (7). 
3. The proof of the main result
We note that it follows from (1) that, for Ω ⊂ P bounded, the parabolic graph G(u) of u ∈ C2(Ω) has constant mean
curvature H if, and only if,
Q H (u) = div
( ∇u√
1+ |∇u|2
)
− 2
x3
(
H + ux3√
1+ |∇u|2
)
= 0,
where div, ∇ , and |.| denotes the Euclidean divergence, gradient and norm respectively. We set also(
x∂Ω3
)m = min{x3; (x1,0, x3) ∈ ∂Ω},(
x∂Ω3
)M =max{x3; (x1,0, x3) ∈ ∂Ω}.
Then
σ = (x
∂Ω
3 )
M
(x∂Ω3 )
m
 δ
where δ is given by (4).
The proposition below give us the main informations that we need for to prove Theorem 1.
Proposition 5. Let Ω ⊂ P be a simply connected, C2,α and bounded domain, and k be the curvature of ∂Ω with respect to inner
orientation. Let Σ be an equidistant plane in H3 given as parabolic graph of a function π :P → R such that |∇π | = K , and set h the
mean curvature of Σ . Given |h| H, if
k > δ(H + 1)(1+ K 2)2 + 1,
where δ is given by (4), then there is u ∈ C2,α(Ω) solution of Q H = 0 such that ∂G(u) = ∂Λ, where Λ = C(Ω) ∩Σ .
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the curvatures of ∂Ω and ∂Λ in R3, k and k∂Λ be the curvatures of ∂Ω and ∂Λ in H3, and η∂Ω = (η∂Ω1 ,0, η∂Ω3 ) and
η∂Λ = (η∂Λ1 , η∂Λ2 , η∂Λ3 ) be the Euclidean unit normal to ∂Ω and ∂Λ pointing to Ω and Λ respectively. We observe that, as
k > δ(H + 1)(1+ K 2)3/2 + 1, then k > 0. In fact, as
k = k − η
∂Ω
3
x3
,
then
k >
δ(H + 1)(1+ K 2)2 + 1− η∂Ω3
x3

(x∂Ω3 )
M(H + 1)(1+ K 2)2
(x∂Ω3 )
mx3
> 0.
Given p ∈ ∂Λ, we consider an Euclidean circle Cp in Σ , tangent to ∂Λ at p whose curvature in R3 is
kp = km
(1+ K 2)3/2 , (18)
where
km = min
∂Ω
k.
From (6), for every point p = (x1,π(x1, x3), x3) ∈ ∂Λ
k∂Λ(p)
k(q)
(1+ K 2)3/2 
km
(1+ K 2)3/2 = kp,
where q = (x1,0, x3) ∈ ∂Ω . Then k∂Λ  kp and we can choose the circle Cp such that Λ is contained in the bounded
connected component of Σ whose boundary is Cp . Now, consider the Euclidean sphere Sp of radius R whose intersection
with Σ is Cp and such that T p(∂Ω ×R) is tangent to Sp at p. The plane determined by center of Sp , by center of the circle
Cp in Σ and by p is orthogonal to Σ and is orthogonal to T p(∂Ω ×R). Then, the Euclidean distance between the center of
Sp and the center of Cp is
√
R2 − r2, where r = 1/kp . Moreover, setting θ the angle between Σ and P,
K = tan θ =
√
R2 − r2
r
,
that is, R = r√1+ K 2. Using (18) we have
R = (1+ K
2)2
km
.
We choose S+p for to denote the piece of Sp which lies in the half space determined by Σ for which (0,1,0) points and S−p
the piece of Sp on the other side of Σ . If ρ  R , we denote by Sp the Euclidean sphere of radius ρ whose intersection with
Σ is Cp and such that S+p is contained in the closure of region bounded by S+p and Σ (note that we have two Euclidean
spheres of radius ρ passing trough Cp if ρ > R , one of them with the mentioned characteristics). Then S+p ∩ (Ω × R) is
parabolic graph of a smooth real functions s+p over Ω such that s+p (q) = π(q), that is, p ∈ G(s+p ). Moreover, if R < ρ then
sup
Ω
|∇s+p | Lp .
Denote by Hp the curvature of G := G(s+p ) in H3. The Euclidean mean curvature Hpe of G satisfy
Hpe = 1
ρ
 1
R
= km
(1+ K 2)2 ,
then
Hp = xG3
1
ρ
+ ηG3  xG3
km
(1+ K 2)2 + η
G
3 ,
where ηG3 is the third coordinate of the Euclidean unit normal to S
+
p of radius ρ pointing to interior of region bounded
by S+p . Note that(
x∂Ω3
)m  xG3  (x∂Ω3 )M . (19)
From the hypothesis, it follows that
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M
(x∂Ω3 )
m
(H + 1)(1+ K 2)2 + 1

x∂Ω3
(x∂Ω3 )
m
(H + 1)(1+ K 2)2 + 1

x∂Ω3
(x∂Ω3 )
m
(H + 1)(1+ K 2)2 + η∂Ω3 .
On the other hand, we have k = kx∂Ω3 + η∂Ω3 , then,
kx∂Ω3 + η∂Ω3 >
x∂Ω3
(x∂Ω3 )
m
(H + 1)(1+ K 2)2 + η∂Ω3 ,
that is,
k km >
1
(x∂Ω3 )
m
(H + 1)(1+ K 2)2
 (H + 1)(1+ K
2)2
xG3

(H − ηG3 )(1+ K 2)2
xG3
where in the third inequality we use (19). Thus
km
(1+ K 2)2 x
G
3 + ηG3 > H .
It follows that there is ρ > R such that
Hp = 1
ρ
xG3 + ηG3  H . (20)
Then, for one such ρ , G(s+p ) has mean curvature Hp in H3 such that Hp  H . Set
B = {t ∈ [0,1]; ∃ut ∈ C2,α(Ω), Q H (ut) = 0,ut |∂Ω = tπ}.
Set Σt = G(tπ), Λt = (Ω ×R)∩Σt . Then tK = tan θt  K , where θt is the angle between Σt and P. Consequently, by (6)
k∂Λt 
km
(1+ t2K 2)3/2 
km
(1+ K 2)3/2 = kp .
Then, given pt ∈ ∂Λt , we proceed as above taking the circle Cp,t of radius 1/kp tangent to ∂Λt at pt and such that Λt is
in the closure of the bounded connected component of Σt whose boundary is Cp,t . Then, there is an Euclidean sphere Sp,t
obtained of the same way as Sp was obtained, such that the radius of Sp,t is ρ ′  ρ , and S+p,t ∩ (Ω ×R) is parabolic graph
of a smooth function s+p,t over Ω , with
sup
Ω
|∇s+p,t | Lpt .
Moreover, as ρ ′  ρ , from (20) we obtain that the mean curvature of G(s+p,t) in H3 is larger than, or equal to H . By the
maximum principle (see also Section 2 of [1] or of [8]) s+p,t is a barrier from above for Q H in pt and, as a barrier from
below we use the equidistant plane given by tπ , since that its mean curvature in H3 satisfy |ht | |h| H . Since that [0,1]
and ∂Λt are compact, there is 0 L < ∞ such that
L = sup{Lpt ; pt ∈ ∂Λt , t ∈ [0,1]}.
Moreover, as k > δ(H + 1)(1+ K 2)2 + 1, it follows that
k >
k − 1
(1+ K 2)2 − 1> H .
Then, as |h| H < k, and k > 1, by Theorem 3.4 of [8] there is u0 ∈ C2,α(Ω) such that Q H (u0) = 0 in Ω with u0|∂Ω = 0.
Then B = ∅. That B is open is a consequence of Implicit Function Theorem. That B is closed, using the PDE elliptic theory
of [2] (see more details in the ﬁnal of proof of Theorem 1), it is a consequence from the fact that
sup |∇s+p,t | L,
Ω
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sup
Ω
∣∣∇(tπ)∣∣ K .
Then, there is u ∈ C2,α(Ω) such that Q H (u) = 0 and u|∂Ω = π |∂Ω . 
4. Proof of Theorem 1
Proof. We suppose (x∂Ω3 )
m  1. We observe that, if (x∂Ω3 )m < 1, we reduce to the above situation considering an isometry
of the hyperbolic type (an Euclidean homotety with center at (0,0,0) in our considered model). Since (Ω,ϕ) satisﬁes the
bounded slope condition with constant K , for each p = (x1,ϕ(x1, x3), x3) ∈ G(ϕ) we consider the functions π±p :P → R as
deﬁned in (3) that, in this context, are linear aﬃne functions such that |∇π±p | K . For any p ∈ G(ϕ), the angle θ between
G(π+p ) and P and the angle σ between G(π+p ) and the plane {(x1, x2, x3) ∈ R3; x3 = 0} (or the angle θ between G(π−p )
and P and the angle σ between G(π−p ) and the plane {(x1, x2, x3) ∈ R3; x3 = 0}) satisfy
π
2
− θ  σ  π
2
.
In fact, let η2 = (0, β,0) and η3 = (0,0, γ ), β,γ = ±1 be normal vectors to P and to {(x1, x2, x3) ∈ R3; x3 = 0}, respectively.
As θ = π/2, we can suppose η1 = (A,α, B), α = 0, as the normal vector to G(π±p ). From the fact that the angles between
two planes is, by deﬁnition, the smallest angle between them, we have
0 σ  π
2
and
0 θ  π
2
.
We suppose that {η1, η2, η3} is linearly independent (if {η1, η2, η3} is linearly dependent, the aﬃrmation is obvious). Then,
it is always possible the choice of α, β and γ such that η1, η2 and η3 form a trihedral angle, whose angles of the faces are
θ , σ and π/2. We remember that the sum of any two faces angles of a trihedral angle is greater than the third face angle.
Then π/2< θ + σ , that is,
π
2
− θ < σ ,
and so
π
2
− θ < σ  π
2
.
Thus, the mean curvature h of G(π±p ) is such that
0 |h| cos
(
π
2
− θ
)
 cos
(
π
2
− arctan K
)
= sin(arctan K ) = K√
K 2 + 1 .
It is easy to see that, for t ∈ [0,1], Ω and tϕ satisfy the bounded slope condition with constant tK  K . In particular, the
functions tπ±p satisfy the demands in (3) for Ω and tϕ at point
pt =
(
x1, tϕ(x1, x3), x3
) ∈ G(tϕ)
and |∇tπ±p | tK in Ω . Set
Λ+p,t = G(tπ+p )∩ (Ω ×R)
and
B = {t ∈ [0,1]; ∃ut ∈ C2,α(Ω), Q H (ut) = 0,ut |∂Ω = tϕ}.
Note that each pt ∈ ∂Λ+p,t ⊂ G(tπ+p ). As
k > δ(H + 1)(1+ K 2)2 + 1
 δ(H + 1)(1+ t2K 2)2 + 1,
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sup
Ω
∣∣∇(u+p,t)∣∣ Lp,t .
From compactness of [0,1] and G(ϕ) it follows that
sup
Ω
∣∣∇(u+p,t)∣∣ L max{K , L} (21)
for all p ∈ G(ϕ) and t ∈ [0,1]. On the other hand, the mean curvature hp,t in H3 of G(tπ−p ) satisfy
|hp,t | K√
K 2 + 1 := h0
and, moreover, |∇(tπ−p )| tK in Ω . Then,
sup
Ω
∣∣∇(tπ−p )∣∣ K max{K , L} (22)
for all p ∈ G(ϕ) and t ∈ [0,1]. It follows from (21) and (22) the a priori boundary gradient estimate
sup
∂Ω
|∇u|max{K , L}, (23)
where u is any solution of Q H (u) = 0 in Ω with u|∂Ω = tϕ , for t ∈ [0,1]. By Lemma 2.5 of [1], (23) holds in the whole
Ω and, by Lemma 2.2 of [1], we obtain uniform C1 estimates of any solution of Q H (u) = 0 in Ω with u|∂Ω = tϕ , for
t ∈ [0,1]. Since B = ∅ by Theorem 3.4 of [8] (note that h0  H < k, and k > 1), by the continuity method, there is a solution
u ∈ C2,α(Ω) of Q H = 0 satisfying u|∂Ω = ϕ . The uniqueness of the solution follows directly from the maximum principle
for the difference of two solutions relative to the operator (1). 
We now will exhibit a example of a domain Ω ⊂ P whose curvature satisﬁes k > δ(H + 1)(1 + K 2)2 + 1 for some
H  K√
K 2+1 , and such that the mean curvature HC of C(∂Ω) satisﬁes HC < H .
Consider Ω ⊂ P the Euclidean disk of center (0,0,101/100) and Euclidean radius ρ = 1/100. We have xm3 = 1, xM3 =
51/50, the Euclidean curvature of ∂Ω is k∂Ω = 100 and the Euclidean mean curvature of C(∂Ω) is HC = 50. The hyperbolic
diameter of Ω in this case is diam(Ω) = ln( 5150 ) and so,
δ = exp
(
ln
(
51
50
))
= 51
50
.
Let k∂Ω be the curvature of ∂Ω in H3. As k∂Ω = x3k∂Ω +η3 and, at (0,0,1) we have x3 = 1 = xm3 and η3 = 1, it follows that
1 k∂Ω − 1
100
,
that is, k∂Ω  101. We wish to ﬁnd H and K such that
K√
K 2 + 1  H <
5000
51(1+ K 2)2 − 1,
that is, satisfying
K√
K 2 + 1  H and δ(H + 1)
(
1+ K 2)2 + 1< 101.
For K = 1/10 for example, we have
K√
K 2 + 1 =
√
101
101
≈ 0.995
and
5000
51(1+ K 2)2 − 1 =
50000000
520251
− 1≈ 95.107.
Thus, for K = 1/10 and any H such that
√
101  H < 50000000 − 1
101 520251
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ϕ ∈ C2,α(∂Ω) such that (Ω,ϕ) satisﬁes the bsc with constant K (for example, take a equidistant surface Σ that intercept
C(∂Ω) and whose angle θ between Σ and P is such that tan θ = K , and consider ϕ : ∂Ω → R such that G(ϕ) = Σ ∩C(∂Ω)).
It follows from Theorem 1 that for such Ω and ϕ there is u ∈ C2,α(Ω) solution of Q H = 0 in Ω with u|∂Ω = ϕ . However,
the mean curvature of C(∂Ω) is
HC = x3HC + η3  xM3 HC + ηM3 =
51
50
.50+ 1 = 52,
then, for H such that 52< H < 95 for example, we have HC < H , that is, we have a case that is not contemplate in Serrin’s
theorem for the CMC surface equation for parabolic graphs described in the works [8] or [1].
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